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ON THE REDUCED FREE PRODUCT OF $C^{*}$ -ALGEBRAS
(Marie Choda)
C* von Neumann $A$ $\mathbb{Z}$
$\mathbb{Z}$
$\alpha$ : $narrow n+1$ $A$ (shift)
$\mathrm{n}$ C* von Neumann
-





A unital $c*$ -algebra $\emptyset 0$ $A_{0}$ state $i\in \mathbb{Z}$ $A_{i}=A_{0}$ ,
$\phi_{i}=\phi 0$ (reduced free product) $(A, \phi)=(*_{\mathit{1}}*, *\phi_{i})_{i}\in \mathbb{Z}$ $A_{i}$
$\phi_{i}$ $H_{i}$ , $\xi_{i}$ canonical
free product Hilbert space $(H, \xi)=(*H_{i}, *\xi i)i\in^{z}$ $c*$ - Arvitour $([\mathrm{A}])$
Voiculescu $([\mathrm{V}])$ $A$ state $\phi$ \mbox{\boldmath $\phi$}$()=<\xi,$ $\xi>$
$A_{i}^{\mathrm{e}}=$ $\{a \in A_{i} : \phi_{i}(a)=0\}$
red$(A)=\{a_{i_{1}}\cdots a_{i_{n}} : a_{i_{j}}\in A_{i_{j},\mathrm{l}}^{\mathrm{o}} i\neq\cdots\neq i_{n}\}$
Typeset by $A\mathrm{A}\beta \mathfrak{k}\mathbb{E}^{\mathrm{c}}$
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red$(A)\subset A^{\mathrm{o}}$ $\mathbb{C}1+\mathrm{l}\mathrm{i}\mathrm{n}\mathrm{e}\mathrm{a}\mathrm{r}$ span red$(A)$ $A$ $\alpha$
$A$ $\phi\cdot\alpha=\phi$ (free shift) $\alpha$
free shift C*
,
$A$ $(A, \phi)=(*A_{i}, *\phi_{i})i\in \mathbb{Z}$ $C^{*}-$
$B$ $C$ $\beta$ $B$
$\gamma$ $C$
$\mu$
$\mu\cdot\beta=\mu$ $B$ $\mathrm{s}\mathrm{t}\mathrm{a}\mathrm{t}\mathrm{e}_{\text{ }}$
$p$ $p\cdot\gamma=\rho$ $C$ state
$(A*C, \phi*\rho)$ $C$ $(A*C)\otimes B$
1 $([\mathrm{C}\mathrm{N}])$ .
$\beta$
$\gamma$ $(A*C)\otimes B$ automorphism $(\alpha*\gamma)\otimes\beta$ $\mathbb{Z}$
outer $\mathrm{a}c$tion
2 $([\mathrm{C}\mathrm{h}])$ .
$E_{\phi}$ $E_{\phi}(a)=\phi(a)1,$ $(a\in A)$ $A$ $\mathbb{C}1$ conditional
expectation $E_{\phi}$ $B$ identity map $id_{B}$ $(E\phi*idc)$
$F=(E_{\phi}*idc)\otimes id_{B}$ $(A*C)\otimes B$ $C\otimes B$ conditional
expectation
3 ([Ch]).
$\psi$ $(A*C)\otimes B$ state
$\phi\cdot(\alpha*\gamma)\otimes\beta=\phi$
$C\otimes B$ $\gamma\otimes\beta$- state $\omega$
$\psi=\omega\cdot F$
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$C=\mathbb{C}1$ [$\mathrm{A}$ :4.1 Proposition]
Connes-Narnhofer-Thirring $([\mathrm{C}\mathrm{N}\mathrm{T}|)$ $\gamma$ \rho $\circ$– $h_{\rho}(\gamma)$
von Neumann automorphism $\mathrm{C}\mathrm{o}\mathrm{n}\mathrm{n}\mathrm{e}\mathrm{S}- \mathrm{s}\mathrm{t}\phi \mathrm{r}\mathrm{m}\mathrm{e}\mathrm{r}$
$H(\cdot)$ Sauvageot-Thouvenot Connes-Nmnhofer-
Thirring $H_{\rho}(\gamma)$ $h_{\rho}(\gamma)$
$H_{\rho}(\gamma)$ C*- $C$ nuclear $([\mathrm{S}\mathrm{T}])$
Sauvageot-Thouvenot $H_{\rho}(\gamma)$
$B$ $C\otimes B$ state $\psi$
$\psi(c\otimes 1)=p(C)$ , $(c\in C)$
$(\psi, B)$ $(C, p)$ coupling $(C, \rho)$ coupling $(\psi, B)$
$\mu(b)=\psi(b\otimes 1)$ , $(b\in B)$
$B$ state $\mu$ $\beta$ $B$ $\psi\cdot\gamma\otimes\beta=\psi$
automorphism $\beta$ $\mu\cdot\beta=\mu$ orthogonal projections
$\{p_{i}\in B:1\leq i\leq n, \sum_{i}p_{i}=1\}$ $B$ $P$
$H_{\mu}(P)= \sum-\mu(pi)\log\mu(p_{i})$
$i=1$
$h^{j}( \psi, \mathrm{p})=\varliminf\frac{1}{k}karrow\infty H_{\mu}(\beta-i(\mathrm{p}))-H_{\mu}(\mathrm{p})+ki=0-1S(\emptyset\otimes(\mu|_{p}), \psi|_{A\otimes P})$
$S(\cdot, \cdot)$ states $([\mathrm{P}\mathrm{w}], [\mathrm{K}])$
Sauvageot-Thouvenot
$H_{\phi}( \alpha)=\sup h^{J}(\psi, \mathrm{p})$ ,
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$C,$ $\gamma,$ $p$ Sauvageot-Thouvenout
$H_{\phi*\rho}(\alpha*\gamma)=H_{\rho}(\gamma)=H_{\phi}\otimes\rho(\alpha\otimes\gamma)$ .




nuclear $A$ Cuntz $\mathcal{O}_{\infty}$
4 $C=\mathbb{C}1$
6 ( $[\mathrm{S}3_{\text{ }}$ Ch]).
$H_{\phi}(\alpha)=0$ .
}$\backslash \backslash ^{\backslash }$ automorphism
automorphism $\gamma$ $c*$ - $c_{\lambda_{\gamma}\mathbb{Z}}$ unitary $u(\gamma)$ $c_{\lambda_{\gamma}\mathbb{Z}}$
automorphism Ad $u(\gamma)$
entropy of Ad $u(\gamma)\geq$ entropy of $\gamma$
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3 Ad $u$ 7
$E$ $((A*C)\otimes B)\rangle\triangleleft(\alpha*\gamma)\otimes\beta \mathbb{Z}$ $(A*C)\otimes B$ conditional expectation
$(\phi\overline{*p)\otimes}\mu=(\emptyset*\rho)\otimes\mu\cdot E$
7 ([CN]).
$((A*C)\otimes B)\lambda(\alpha*\gamma)\otimes\beta \mathbb{Z}$ $C^{*}(C\otimes B, u((\alpha*\gamma)\otimes\beta))$ conditional
expectation $\epsilon$ :
(1) $(\phi\overline{*p)\otimes}\mu\cdot\epsilon=(\phi\overline{*p)\otimes}\mu$
(2) $\epsilon(xu)=F(x)u$ , $(x\in(A*C)\otimes B)$
(3) $x\in((A*C)\otimes B)\lambda \mathbb{Z}$ $\epsilon>0$ $P$ $P$
$n_{1},$ $\cdots,$ $n_{p}$
$|| \epsilon(x)-\frac{1}{p}\sum^{p}\hat{\alpha}^{n}i=1i(_{X})||<\in$






$C$ trivial algebra $\mathbb{C}1$ $\mathrm{s}_{\mathrm{t}\phi \mathrm{r}\mathrm{m}}\mathrm{e}\mathrm{r}$
:
$H_{\phi}(\alpha)=0=H_{\phi}\wedge(\mathrm{A}\mathrm{d}u(\alpha))$.
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